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Abst ract - - In  this paper, we shall offer sufficient conditions for the oscillation of all solutions to 
neutral functional differential equations of mixed type of the form 
d n 
dtn - - (x ( t )+ax[ t -T ]+bx[ t+r l )+5(q( t )x [ t -g ]+p( t )x [ t+h] )=O,  5=+1,  
where p and q are periodic functions. © 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Neut ra l  differential equations, Periodic coefficients, Oscillation of solutions. 
1. INTRODUCTION 
In this paper, we shall consider the following nth-order neutral functional differential equations: 
(x(t)  + ax[t - T] -- bx[t + T]) (n) + 5 (q(t)x[t -- g] + p(t )x[t  + h]) = 0, (1.1, 5) 
(x(t)  - ax[t - T] + bx[t + r]) (n) -~- 6 (q(t)x[t  - g] + p(t)x[t  + h]) : 0, (1.2, 5) 
(x(t)  + ax[t - T] + bx[t + 7]) (n) + 5 (q(t)x[t - g] + p(t)x[t  + h]) = 0, (1.3, 5) 
and 
(x(t)  - ax[t - T] - bx[t + T]) ('~) + 5 (q(t)x[t  -- g] + p(t)x[t  + h]) : 0, (1.4, 6) 
where 5 = +1, p, q : [to, c~) --* [0, c~), to >_ 0 are continuous and periodic functions of period T, 
i.e., p(t  + r)  = p(t) and q(t =h T) = q(t), a and b are nonnegative real numbers, and g, h, and T 
are positive real numbers. 
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As usual, a solution of (1.i, 6), i = 1, 2, 3, 4 is said to be oscillatory if it has arbitrarily large 
zeros and nonoscillatory otherwise. 
The problem of oscillation of solutions of neutral functional differential equations i of both 
theoretical and practical interest. For a recent contribution concerning the theoretical part, we 
refer to [1-14] and references therein. 
Note that equations of these types with n = 1 appear in networks containing lossless transmis- 
sion lines. Such networks arise, for example, in high speed computers where lossless transmission 
lines are used to interconnect switching circuit (see, for example, [12,15]). Also, equations of 
these types with n = 2 were encountered in the study of vibrating masses attached to an elastic 
bar and also to Euler equations in some variational problems (see [12, p. 7]). 
Our aim in this paper is to obtain sufficient conditions, involving the coefficients and the 
arguments only, under which all solutions of (1.i, ~), i = 1, 2, 3, 4, 5 = +1 oscillate. Moreover, the 
technique presented in this paper is given in such a way that it can be extended in a straight- 
forward manner to the equations with variable coefficients and deviations. 
2. PREL IMINARIES  
We shall need the following. 
LEMMA 2.1. (See [16].) Suppose q : [to, oo) ~ R is a continuous and eventually nonnegative 
function, and a is a posit ive real number. Then the following hold. 
(I) I f  
f t+a (S -- t)~(t -- S + a) n - i -1  
lira sup ] t--,oo Jt i!(n ~---~I. q(s)ds > 1 
holds for some i = 0, 1 , . . . ,  n - 1, then the inequality 
y(n)(t) > q(t)y[t + a] 
has no eventual ly posit ive solution y(t) which satisfies y(J)(t) > 0 eventually, j = O, 1 , . . . ,  n. 
(ii) i f  
t + 
lim sup q(s) ds > 1 
t--.oo a i!(n - i - 1)! 
holds for some i = O, 1 , . . . ,  n - 1, then the inequality 
(--1)nZ(n)(t) >_ q(t)z[t -- a] 
has no eventual ly posit ive solution z( t ) which satisfies ( -1) J  z j ( t ) > 0 eventually, j = O, 1 , . . . ,  n. 
3. MAIN RESULTS 
THEOREM 3.1. Let b > 0 and g > T, and 
f t+h (S -- t) i(t  - S ÷ h) n - i -1  
lira sup ] --  p(s)  ds > 1 + a 
t--.oo Jt i!(n i 1)! 
holds for some i = 0, 1 , . . . ,  n - 1. I f  
f t~ (t - s)~(s - t + r + g)~-~- i  lim sup q(s) ds > b, 
t-~oo (r+g) iT(n - i ÷ 1)! 
and 
l imsup f t  ( t -  s ) i ( s - - t+g- -T )~-~- lq (s )ds  > 1 +a,  
~-*oo Jt-(g-r)  i!(n - i - 1)! 
hold for some i = O, 1 , . . .  ,n  - 1, then (1.1, -1)  is oscillatory. 
(3.1) 
n is even (3.3) 
n is odd (3.2) 
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PROOF. Let x(t)  be an eventually positive solution of (1 .1 , -1) ,  say x(t)  > 0 for t > to _> 0. Set 
y( t )  = x ( t )  + ax[t  - T] - b [t + T]. (3.4) 
Then 
y(n)(t) = q(t)x[t - g] + p(t)x[t  + h] > O, for t _> tl _> to, (3.5) 
which implies that  y(~)(t), i = 0, 1 , . . .  ,n  - 1 are eventually of one sign. 
There are two cases to consider: (I) y(t) < 0 eventually, and (II) y(t) > 0 eventually. 
(I) Suppose that  y(t)  < 0 for t _> tl. Set 
0 < v(t)  = -y ( t )  = bx[t + r] - ax[t - T] -- x(t)  <_ bx[t + ~-]. (3.6) 
There exists t2 >_ tl such that 
1 
x(t)  > -~v[t - r], for n >_ n2. (3.7) 
Using (3.7) in (3.5), we obtain 
v(n)(t )  + - (g + T)] < 0, for n > n2. (3.8) 
Next, there are two cases to consider: (i) v'(t)  > 0 eventually, and (ii) v'(t)  < 0 eventually. 
(i) Assume that  v~(t) > 0 for n > n3 :> n2. There exist a positive constant c and a t4 >_ t3 
such that 
v[t - (g + r)] >_ c, for t _> t4, 
and hence, we see that 
0 < v (n -D( t )  <_ v(n-1)(t4) - -~ q(s )ds  ~ -oo ,  as t --* oe, 
which is a contradiction. 
(ii) Assume that v~(t) < 0 eventually. This is the case when n is odd and we easily see that 
( -1)%(i)(t)  > 0 eventually, i = 0, 1 , . . . ,  n - 1. (3.9) 
But, in view of Lemma 2.1 (II) and condition (3.2), inequality (3.8) has no eventually 
positive solution which satisfies (3.9), which is a contradiction. 
(II) Suppose that y(t)  > 0 for t > tl. Set 
w(t)  = y(t)  + ay[t - r] - by[t + T]. (3.10) 
Then 
w(n)(t)  = q(t)y[t - g] + p(t)y[t + h] (3.11) 
and 
(w(t)  + aw[t - T] -- bw[t + r]) (n) = q(t)w[t - g] + p(t)w[t  + h]. (3.12) 
Using the procedure of (I), one can easily observe that w(t)  > 0 eventually and there are two 
possibilities: (A) y'(t)  > 0 eventually, and (B) y'(t)  < 0 eventually. 
(A) Assume that y~(t) > 0 for t >_ tl. Then there exist positive constants cl and c2 and a 
T >_ tl such that 
y [ t -g ]>c l  and y[ t+h]>c2,  fo r t>_T .  
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Thus, 
w(n)(t) >_ clq(t) + c2p(t), for t > T, 
and hence 
w(n-1) ( t )~oo  and w( i ) ( t )~c¢ ,  i=0 ,1 , . . . ,n -2 ,  ast - -+c¢.  
Therefore, we conclude that 
w(i)(t) > 0 eventually, i = 0, 1, . . .  ,n. (3.13) 
From (3.11) and the fact that y(t)  is an increasing function for t > T, and p(t)  and q(t) 
are periodic of period T, we have 
w('~) [t - 7] = q[ t  - 7]y[t - 7 - g] + pit - 7]y[t - 7 + hi 
= q(t)y[t - r - g] + p(t)y[t - 7 + hi 
<_ q(t)y[t - g] + p(t)y[t + hi 
= w(~)(t), for t _> T1 _> T. 
Using the fact that w(n)(t) is a nondecreasing function for t _> T1, we have 
~(~)( t )  > ~aW[n + h], for t > T1. (3.14) 
(I) and condition (3.1), inequality (3.14) has no eventually 
and hence, 
Thus, 
w('~)(t) > 2[q(t) +p(t)], for t > T*, 
w( i ) ( t )~c¢ ,  as t ~ c¢, i =0 ,1 , . . . ,n -  1. 
On the other hand, from (3.10), we see that w(t)  < co for t _> T*, which is a contradiction. 
Therefore, we conclude that y(t) ~ O, and w(i)(t) --+ 0 monotonically as t ~ c¢, i = 
0, 1, . . .  ,n, and so one can easily see that n is even, (-1)(i)w(i)(t) > 0, i = 0, 1, . . .  ,n - 1 
and t > T{ > T*. Using the fact that the function y(t) is decreasing for t > TI*, and p(t) 
and q(t) are periodic functions of period 7, we have 
w(n)[t - T] = q[t -- T]y[t -- T -- g] +Pi t  -- 7]y[t -- 7 + h] 
= q(t)y[t - 7 - g] + p(t)y[t - 7 + h] 
>_ q(t)y[t - g] + p(t)y[t + h] 
= w (n) (t), for t _> ~r~ _> T{. 
Using this fact in (3.12), we obtain 
w(~)( t  ) > q(t) wi t  - (g - 7)], for t > TL  
- l + a  L 
The  rest of the proof is similar to that of Case (I)-(ii) and hence omitted. This completes 
the proof. 
But, in view of Lemma 2.1 
positive solution with (3.13) holds, which is a contradiction. 
(B) Assume that y'(t)  < 0 for t _> tl. First, we claim that y(t)  ~ 0 monotonically as t ~ c¢. 
Otherwise, y(t)  ~ c > 0 as t ~ c¢. There exists T* > tl such that 
c 
y[t - g] >_ ~ and y[t + h] > C, fort>_T*.  
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THEOREM 3.2. Let  b > O, h > T, and g > T, and 
f t+(h - r )  (S -- t ) i ( t  -- S ÷ h - T) n - i -1  
l imsup [ - - - p (s )ds  > b 
~_+~ j ~  i!(n - i - Y)i 
holds for some i = O, 1 , . . . ,  n - 1. I f  
lim sup ft (t _ s)~(s _ t + g + r),~-i-1 
t--.~ Jt-(g+r) iT(n - i - 1)[ q(s) ds > b, 
(3.15) 
n is even (3.16) 
and 
f~ (t - s)~(s - t + g)~-~- i  
lim sup # i !(n - i - 1)! q(s) ds > 1 + a, n is odd (3.17) 
t--*oo J t -g  
hold for some i = 0, 1 , . . . ,  n - 1, then (1.1, 1) is oscillatory. 
PROOF. Let x(t )  be an eventually positive solution of (1.1,1), say x(t)  > 0 for t > to ~ 0. Define 
y(t)  by (3.4) and obtain 
y(~)(t) = -q ( t )x [ t  - g] - p(t)x[t  + hi <_ O, for t _> tl > to. (3.1s) 
As in the proof of Theorem 3.1, we consider the following two Cases (I) and (II). 
(I) Suppose that y(t)  < 0 for t > tl. Set v(t) as in (3.6) and obtain (3.7). Using (3.7) in (3.18), 
we have 
v(n)(t) >_ P~-~f) v[t + (h - T)], for t _> t2 _> tl, 
0 
or  
v(n)(t)  > qt_~2~Jv[t _ (g + ~)], for t > t~. 
The rest of the proof is similar to that of Theorem 3.1, Cases (II)-(i) and (II)-(ii), respectively, 
and hence omitted. 
(II) Suppose that y(t)  > 0 for t _> tl. Set w(t)  as in (3.10) and obtain 
w(n)(t)  + q(t)y[t - g] + p(t)y[t  + h] = 0 (3.19) 
and 
(w(t)  + aw[t - r] - bw[t + T]) (n) + q(t)w[t - g] + p(t)w[t  + h] = 0. (3.20) 
It is easy to check that w(t)  > 0 eventually and the two Cases (A) and (B) as in Theorem 3.1 
are considered. 
(A) Suppose that y'(t)  > 0 for t > t2 _> tl. Then there exist positive constants Cl and c2, and 
a t3 _> t2 such that 
y[t - g] > cl and y[t + h] > c2, fo r t>t3 .  
From (3.19), we conclude that 
0 < w(n-1) ( t )  <_ w(n-1)(t3)  -- [clq(s) + c2p(s)] ds --~ -oo ,  as t --+ oo, 
which is a contradiction. 
(B) Suppose that y'(t)  < 0 for t > t~. This is the case when n is odd. From (3.19), it is 
easy to check that w'(t)  > 0 or w'(t)  < 0 eventually, and the case w'(t )  > 0 eventually 
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is impossible by the same procedure of the proof of (A) given above. Thus, w'( t )  < 0 
eventually, and hence, we see that the function w(t)  satisfies 
( -1 ) iw( i ) ( t )  > 0 eventually, i = 0, 1 , . . . ,  n, 
and 
w(n)[t - T] > W(n)(t) eventually. 
From (3.20), we have 
or  
(1 + a)w('O(t) + q(t)w[t - g] <_ 0 
w(n)(t  + q(t) wi t  - g] < 0 eventually. 
l+a  ~ 
The rest of the proof is similar to that of Theorem 3.1 (I)-(ii) and hence omitted. This 
completes the proof. 
Next, we state the following two theorems for the oscillation of (1.2,~), ~ = +1. The proof is 
Let  a > 0, g > T, and h > ~', and 
f t+(h -v )  (S -- t ) i ( t  -- S + h - T) '~-i-1 
limt_~oosup Jt / f l (n  ----~ --  ~)[ .p(s) ds > 1 + b 
left to the reader. 
THEOREM 3.3. 
(3.21) 
holds for some i = O, 1 , . . . ,  n - 1. I f  
l imsup i !(n - i - 1)! q(s) ds > a, 
t--.oo (g_~) 
and 
f ( t- lim sup i !(n - i - 1)! q(s) ds > 1 + b, 
t--*~ Jt--g 
hold for some i = O, 1 , . . . ,  n - 1, then (1 .2 , -1 ) /s  oscillatory. 
THEOREM 3.4. Let  a > 0 and g > T, and 
/ t+(h+r) (S -- t) i ( t  - s + h + T) n - i -1  l imsup - - -  - p(s)  ds > a 
t - *~ Jt ~(n -  i - 1)! 
n is odd (3.22) 
n is even (3.23) 
(3.24) 
~t ~ (t -- s) i (8 -- t "~- g -- T) n - i -1  
l imsup i !(n - i - 1)! q(s) ds > a, 
t--*~ (g-r) 
hold for some i = 0, 1 . . . .  , n - 1, then (1.2, 1) is oscillatory. 
The following two criteria deal with the oscillatory behavior of (1.3,5),/5 -- +1. 
holds for some i -- O, 1 , . . . ,  n - 1. I f  
l imsup / t ( t - - s ) i ( s - - t+g+T)  n - i -1  
t-.oo J t - (g+r) i!(n -- i -- 1)! 
and 
n is even (3.26) 
q(s) ds > 1 + b, n is odd (3.25) 
THEOREM 3.5. 
Oscillation Theorems 
Letg>randh>T.  I f  
f t+(h-r )  (s -- t ) i ( t  -- s + h - r) n - i -1  
lim sup ] . . . .  p(s) ds > 1 + a + b 
t - ,oo  J t  i ! (n  - i - T ) i  
and 
f [  (t - s) i (s - t + g - T) n - i -1  
l imsup i ! (n -  i -  1)! q(s)ds  > 1 + a + b, 
t-~o¢ (g-T) 
hold for some i = 0, 1 , . . . ,  n - 1, then (1 .3 , -1)  is oscillatory. 
(3.27) 
PROOF. Let x(t)  be an eventually positive solution of (1.3,-1),  say x(t)  > 0 for t > to > 0. Set 
z(t)  = x(t)  + ax[t - T] + bx[t + T]. (3.29) 
Then z(t)  > 0 for t > tl > to, and 
z (n) (t) = q(t)x[t - g] + p(t):c[t + h] > 0, for t ___ t2 >_ tl ,  
which implies that  z(i)(t), i = 0, 1 , . . . ,  n - 1 are eventually of one sign. Next, we let 
w(t)  = z(t)  + az[t - T] + bz[t + r]. (3.30) 
Then 
and 
(w(t)  + aw[t - r] + bw[t + r]) ('~) = q(t)w[t - g] + p(t)w[t + h]. (3.32) 
Now, we consider the following two cases: (i) z'(t) > 0 eventually, and (II) z'(t)  < 0 eventually. 
(I) Suppose that z'(t)  > 0 for t > t3 > t2. Then w'(t)  > 0 for t > T > t3, and hence, we see that 
w(~)(t) > O, i = O, 1 . . . .  ,n  and 
w('~)[t - T] < W(~)(t) < W('~)[t + T], for t > T. 
From (3.32), we have 
(1 + a + b)w(n)[t + r] > p(t)w[t + h] 
or 
p(t) b w[t + (h - r)], for t > T. w (n) ( t )> l+a+ 
The rest of the proof is similar to that  of Theorem 3.1 (II)-(A) and hence omitted. 
(II) Suppose that z'(t)  < 0 for t > t3. Then w'(t)  < 0 for t > T* > t3, and hence, we see that 
the function w(t)  satisfies ( -1) iw( i ) ( t )  > O, i = O, 1 , . . . ,  n and 
w (n)[t - r] _> w (n)(t) >_ w (~)[t + r], t __ T*, 
and from (3.32), we have 
q(t) b w[t _ (g _ T)], W (n) ( t )> l+a+ for t > T*. 
Again, the rest of the proof is similar to that of Theorem 3.1 (II)-(B) and hence omitted. This 
completes the proof. 
w(n)(t) = q(t)z[t - g] + p(t)z[t  + h] (3.31) 
n is even (3.28) 
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THEOREM 3.6. / f  
f t~ (t - s)~(s - t + g + r) ~-~-~ lim sup i I (n -  i -1 ) I  q (s )ds  > l + a + b, n Js odd (3.33) 
t--~oo (g+r) 
holds for some i = O, 1 , . . . ,  n - 1, then (1.3, 1) is oscillatory. 
PROOF. Let x(t )  be an eventually positive solution of (1.3,1), say x(t )  > 0 for t _> to _> 0. Define 
z(t)  by (3.29) and w(t)  by (3.30) and conclude that z(t)  > 0 and w(t)  > 0 for t ~ tl _~ to and 
z(~)(t) + q(t)x[t - g] + p(t)x[t  + hi = O, 
w(~)(t)  + q(t)z[t - g] + p(t)z[t  + h] = O, 
and 
(w(t)  + aw[t - r] + bw[t + T]) (=) + q(t)w[t -- g] + p(t)w[t  + h] = 0. (3.34) 
The  two Cases (I) and (II) as in Theorem 3.5 are considered. 
(I) Assume that z'(t)  > 0 for t _> t~ > tl.  The proof of this case is similar to that  of Theo- 
rem 3.2 (II)-(A) and hence omitted. 
(II) Assume that z'(t)  < 0 for t _> t2. This is the case when n is odd. Proceeding as in 
Theorem 3.5 (II), one can easily obtain from (3.34) that 
(1 + a + b)w(n)[t + T] + q(t)w[t -- g] <_ 0 
or  
q(t) 
bw[t - g - T] < 0 eventually, w(n)(t)  + 1 + a----~ 
and by Lemma 2.1 (II) and condition (3.33) we arrive at a desired contradiction. This completes 
the proof. 
Finally, we establish the following two theorems for the oscillation of (1.4,5), 5 = +1. 
THEOREM 3.7. Let  a + b > 0 and 
f t+h (s - t ) i ( t  - s + h) ~- i -1  
limsupt_~oo/jr i !(n - i - 1)! p(s) ds > 1 (3.35) 
hold t'or some i = 0, 1 , . . . ,  n - 1. / f  
f t  (t - s) i (s  - t + g + T) n - i -1  
l imsup / i I(n -- i -- 1)! q(s) ds > a + b, n is odd (3.36) 
t--~O0 J t - -g - -  r 
and 
~t~ (t -- S) i (S  -- t -~- g )n - i -1  
lim sup i !(n - i - 1)! q(s) ds > 1, n is even (3.37) 
t --~ oo g 
hold for some i = 0, 1 , . . . ,  n - 1, then (1.4, -1 )  is oscillatory. 
pROOF. Let x(t )  be an eventually positive solution of (1.4,-1),  say x(t )  > 0 for t > to _> 0. Set 
Then 
y(t)  = x(t )  - ax[t - T l - bx[t + 7]. (3.38) 
y(n)(t) = q(t)x[t - g] + p(t)x[t + n] > 0, for t > tl _> to, 
which implies that  y(0(t),  i - 0, 1 , . . . ,  n - 1 are eventually of one sign. Next, we consider the 
two Cases (I) and (II) as in Theorem 3.1. 
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(I) Suppose that y(t)  < 0 for t > tl. Set 
0 < u(t)  = -y ( t )  = ax[t - "r] + bx[t + T] -- x ( t ) ,  (3.39) 
and hence, we have 
Next, we let 
Then 
and 
u(~)(t) + q(t)x[t  - g] + p(t)x[t  + h] = O. 
V ( t )  = au[t - T] + bu[t + T] - x( t ) .  (3.40) 
V(n)(t )  + q(t)u[t - g] + p(t)u[t  + hi = 0 
(aV[t  - ~'] + bV[t - T] -- V ( t ) )  (n) + q(t )V[t  - g] + p( t )V[ t  + hi = O. (3.41) 
It is easy to check that V(t )  > 0 for t > t2 ~ tl and the following two cases are considered: 
(i) ut(t) > 0 eventually, and (ii) u'(t)  < 0 eventually. 
(i) Assume that u'(t)  > 0 for t _> t3 >_ t2. The proof of this case is similar to that of Theorem 
3.2 (II)-(A) and hence omitted. 
(ii) Assume that ut(t) < 0 for t >_ t3. This is the case when n is odd. As in the proof 
of Theorem 3.2 (II)-(B), we see that the function V(t )  satisfies (-1)iV(i)(t) > 0, i = 
0 ,1 , . . . ,n -  1 and 
V (n) [t - T] > V ('~) [t + ~'], for t >_ t4 >_ ta. 
From (3.41), we have 
(a + b)V(n)[t + T] + q(t )V[t  - g] <_ O, t~_t4 .  
The rest of the proof is similar to that of Theorem 3.2 (II)-(B) and hence omitted. 
(II) Suppose that y(t)  > 0 for t > tl. From (3.38), we see that 
y(t) < x(t), for t > T1 > t~, 
and hence, we have 
or 
y(n)(t) > p(t)y[t  + hi, for t _> T _> T1, 
y(n)(t) >_ q(t)y[t - g], for t :> T. 
Applying Lemma 2.1 to the above inequalities, we arrived at a contradiction. This completes the 
proof. 
THEOREM 3.8. Let  a + b > O, g > T, and h > T, and 
f t+(h-~) (s -- t ) i ( t  -- s + h - T )  n - i -1  limsup - - - - -  p(s)  ds > a + b (3.42) i -  
holds for some i = O, 1 , . . . ,  n - 1. I f  
limsup f t  (t - s) i (s  - t + g)n-i-1 
t--.~ Jt-g i !(n - i - 1)! q(s) ds > 1, n is odd (3.43) 
and 
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/ t~  (t -- s ) i (8  -- t + O -- T) n-i-I 
l im sup q(s) ds > a + b, n is even (3.44) 
t--.oo (g-r) i!(n - i - 1)! 
hold for some i = 0, 1 , . . . ,  n - 1, then (1.4, 1) is oscillatory. 
PROOF. Let x(t) be an eventually positive solution of (1.4,1), say x(t) > 0 for t ~ to ~ 0. Define 
y(t) by (3.38) and obtain 
y(n)(t) = --q(t)x[t -- g] -- p(t)x[t + h] <_ O, for t _> tl _> to, 
which implies that  y(i)(t), i = 0, 1 , . . .  ,n  - 1 are eventually of one sign. Next, we consider the 
following two Cases (I) and (II) as in Theorem 3.1. 
(I) Assume that  y(t) < 0 for t _> tl. Define u(t) by (3.39) and get 
u(n)(t) = q(t)x[t - g] + p(t)x[t + h], for t _> tl, 
and consider the following two cases: (i) u'(t) > 0 for t _> tl, and (ii) u'(t) < 0 for t >_ tl. 
(i) Suppose that  u'(t) > 0 for t > tl. Define V(t)  as in (3.40) and obtain 
V(n)(t) = q(t)u[t - g] + p(t)u[t + h] 
and 
(aV[t - T] + bV[t + T] -- V(t))  (n) = q(t)V[t - g] + p(t)V[t  + h]. 
As in the proof of Theorem 3.1 (I I)-(A), one can easily obtain 
(a + b)V(n)[t + 7-] >_ p(t)V[t  + h], t > T >_ t l ,  
or  
V(,~)(t) > p(t) V [ t+ h - T], t > T, -a+b L 
and by Lemma 2.1 (I) and condition (3.42), we arrive at a desired contradiction. 
(ii) Suppose that  ul(t) < 0 for t _> tl. Proceeding as in Theorem 3.1 (I I)-(B), we get 
(a + b)V(n)[t - T] > q(t)V[t - g] 
or  
V(n)(t ) > q(t) V [ t -  (g -  T)], t>T ,  
-a+b ' 
and again by Lemma 2.1 (II) and condition (3.44), we obtain the desired contradiction. 
(II) Assume that  y(t) > 0 for t > tl. From (3.38), we have 
y(t) < x(t),  for t _> t2 _> tl, 
and hence 
y(n)(t) + q(t)y[t - g] <_ O, for t _> t3 -> t2. 
The rest of the proof is similar to that  of Theorem 3.2 (I I)(A) and (B), and hence omitted. This 
completes the proof. 
REMARKS. 
(1) The results of this paper are presented in a form which is essentially new. We note that  
some of our results here extend and improve those established in [4-7,9-11,13,14]. 
(2) The results of this paper are applicable to equations of the type (1.i, 5), where i = 1, 2, 3, 4 
and 5 = ±1 and p and q are constants. For related works of the general form, we refer 
to [1-3]. 
(3) As an il lustrative example, we consider (1.i, 5), i -= 1,2, 3,4 and 5 : ±1, 7 = 27r, and 
p(t) = a l  ln(3 + sin t), q(t) = a2 ln(3 + cos t), g = na,  and h = n/3,  0ll, 0~2, 0~, ~, a, and b 
are positive constants. 
Our results presented here are applicable to (1.i,5), i = 1,2, 3,4 and 5 = +1 under some 
restrictions on the constants involved and conclude its oscillation. The details are left to the 
reader. 
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